Abstract In this paper we consider the space generated by the scaled translates of the trivariate C 2 quartic box spline B defined by a set X of seven directions, that forms a regular partition of the space into tetrahedra. Then, we construct new cubature rules for 3D integrals, based on spline quasi-interpolants expressed as linear combinations of scaled translates of B and local linear functionals.
Introduction
The numerical evaluation of integrals is one of the corner stones in Numerical Analysis and it is also an important tool in methods to solve integral and differential problems. In particular there is a wide literature concerning the numerical evaluation of integrals based on spline approximation. Indeed, splines have been used for numerical integration ever since they entered on the Numerical Analysis scene [19] . We recall, for instance, the papers [1, 5-7, 11, 15, 27, 29] , where quadrature formulas based on spline interpolants and quasi-interpolants (QIs) of different degrees are considered, also for singular integrals. Concerning the numerical evaluation of 2D integrals, we mention the cubatures proposed in [8-10, 22, 30, 32] , based on tensor product of univariate splines, on C 1 quadratic and C 2 quartic quasi-interpolating splines, defined on criss-cross triangulations and on Powell-Sabin partitions. Furthermore, numerical integration over polygons using an eight-node quadrilateral spline finite element is presented and studied in [23] [24] [25] .
Finally, we recall [13, 14] , where cubature rules for a parallelepiped domain are defined by integrating tensor product of univariate C 1 quadratic spline QIs and blending sums of C 1 quadratic spline QIs in one and two variables.
In this paper, we propose new integration formulas for 3D integrals based on trivariate C 2 quartic spline quasi-interpolants on type-6 tetrahedral partitions with higher smoothness, useful, for example, in the numerical treatment of integral equations, where the unknown function can be reconstructed with C 2 smoothness.
In particular, we construct formulas based on four QIs, where the basic functions are the scaled translates of the trivariate C 2 quartic box spline B, defined on a type-6 tetrahedral partition, and the coefficient functionals are linear combinations of values of f at specific points in the support of the scaled translates of B. The first operator is based on the well-known Schoenberg-Marsden one and it is exact on the space of trilinear polynomials. The second one is exact on the space of polynomials contained in the spline space spanned by the scaled translates of B. The third one is exact on the space P 3 of trivariate polynomials of total degree at most three, and it is of near-best type, i.e. it is constructed by minimizing an upper bound of its infinity norm. Finally, the fourth one is exact on P 3 and shows some superconvergence properties at specific points of the domain (the vertices and the centers of each cube of the partition).
The paper is organized as follows: in Section 2, we recall the definitions and main properties of the trivariate C 2 quartic box spline B, the space spanned by its scaled translates and the four QIs. New cubature formulas, based on such QIs, are generated in Section 3 and their convergence and stability properties are studied. Finally, in Section 4, numerical results are presented, illustrating the performances of the proposed cubatures. In order to define a box spline, it is necessary to specify a set of directions that determine the shape of its support and also its continuity properties. Following [26] , we consider the set X = {e 1 , e 2 , e 3 , e 4 , e 5 , e 6 , e 7 } of seven directions of Z 3 , spanning R 3 , where
Therefore, the space is cut into a symmetric regular arrangement of tetrahedra called type-6 tetrahedral partition. The type-6 tetrahedral partitions are uniform partitions of R 3 obtained from a given cube partition (see Fig. 2 .1(a)) of the space by subdividing each cube into 24 tetrahedra with six planes (see Fig. 2 .1(b)). According to [2, Chap. 11] and [4, Chap. 1], since the set X has seven elements and the domain is R 3 , the box spline B(·) = B(·|X) is of degree four. Its continuity depends on the determination of the number d, such that d + 1 is the minimal number of directions to be removed from X to obtain a reduced set that does not span R 3 . Then, the B continuity class is C d−1 . With the notation given in [2, Chap. 11] ,
where
In our case d = 3, thus the polynomial pieces defined over each tetrahedron are of degree four and they are joined with C 2 smoothness.
The support Ξ of the C 2 quartic box spline B is the truncated rhombic dodecahedron centered at the point ( 
, h > 0, be a parallelepiped divided into m 1 m 2 m 3 equal cubes and endowed with the type-6 tetrahedral partition T m , m = (m 1 , m 2 , m 3 ) (see Fig. 2 
.1). We set
with A ′ the set of indices defined by
Since B is centered at the point
2 , we define the scaled translates of B, {B α , α ∈ A }, in the following way:
whose supports Ξ α are centered at the points
2 )h and overlap with Ω .
Then, we define the space generated by the functions
This space is a subspace of the whole space of all trivariate C 2 quartic splines defined on T m . We also recall that the approximation power of
for all sufficiently smooth f , with the distance measured in the
. From results given in [4, Chap. 3] , we know that the approximation power of S 2 4 (Ω , T m ) does not exceed d + 1, with d defined by (2.1). Therefore, in our case we have r ≤ 4 and in the following we show that r = 4 (Theorem 2.1).
From [28] , we also know that the maximal space of polynomials included in
In the space S 2 4 (Ω , T m ), we consider several quasi-interpolation operators [28] . A quasi-interpolant is a linear operator defined on a functional space F , in the following way
where the B α 's are the scaled translates of the box spline B, defined by (2.2) with support Ξ α and the λ α ( f )'s are linear functionals expressed as linear combination of values of f at specific points in Ξ α . We define four different QIs
3) Fig. 2 .3(a)); Fig. 2 .4(a)); 
are the data points. They are the centers of each subcube of the partition and some of them lie outside Ω . Therefore, their corresponding set of indices is
with
and The first operator Q 1 is exact on the space of trilinear polynomials, the second one Q 2 is exact on the space D(X), the third one Q 3 is exact on the space P 3 and it is of near-best type, i.e. it is constructed by minimizing an upper bound of its infinity norm. The fourth one Q 4 is exact on P 3 and shows some superconvergence properties at specific points of the domain (the vertices and the centers of each cube of the partition, see [28] for more details).
By introducing the fundamental splines 
3) can be written in the "quasi-Lagrange" form:
The infinity norms of the proposed quasi-interpolants have the following bounds:
Standard results in approximation theory [4] allow us to deduce Theorem 2.1, for which we need the following notations:
-for any function f ∈ C(H), with H a compact set, we denote the infinity norm of
Theorem 2.1 For each operator Q
3 Cubature rules based on
For any function f ∈ C(Ω h ), we consider the evaluation of the integral
by cubature rules defined by
where the M α 's are the evaluation points defined by (2.4) and the cubature weights are w
In the following theorems we show some features of the rules (3.1). First we define the chains of equalities
for ν = 1, 2, 3, 4, where the involved indices will be specified in the subsequent Theorem 3.1 and Theorem 3.3.
Theorem 3.1
The cubature weights in (3.1) , in case ν = 1, satisfy the following symmetry properties: • for s = 0, 1, t = −1, α r = 2, . . . , m r − 1 (r = 1, 2, 3), the weights involved in the equalities E 1 2 of (3.4) and E 1 3 of (3.5) are all equal to w 1 2,s,t and w 1 2,2,t , respectively;
, the weights involved in the equalities E 1 2 of (3.4) and E 1 3 of (3.5) are all equal to w 1 3,s,t and w 1 3,3,t , respectively;
• for α r = 3, . . . , m r − 2 (r = 1, 2, 3) 
The values of the twenty-six different weights for I Q
In order to compute (3.6), we recall that a trivariate polynomial p ∈ P 4 on a tetrahedron T of the partition T m can be represented in the Bernstein basis [3] as Since T is included in a cube with edge of length h, its volume is equal to h 3 24 and, since [3] 
where the c(γ) can be obtained by the procedure given in [20] . Therefore, by considering all the tetrahedra involved in Ξ α ∩ Ω , the cubature weights are given by
By considering the symmetry of the domain Ω and of the support Ξ α of B α , by tedious computations we can deduce the symmetry properties of the weights. Now, by the above features and (3.7), we get the twenty-six different weights that we report in Table 3 .1. ⊓ ⊔ From Theorem 3.1, after some easy algebraic computations, we obtain the following result.
Corollary 3.1 For any f ∈ C(Ω h
), the rule (3.1), with ν = 1, can be written in the following more compact form:
defined only by the twenty-six weights, given in Table 3 .1, with
• for s = 0, 1, 2
• for s = 0, 1
} is the permutation set of (1 + s, s, −1 + s);
• for (s,t) = (2, −1), (3, ℓ), ℓ = 0, 1, 2
• for s = 0, 1, 2, t = −1, . . . , s − 1 and (s,t) = (2, −1) Table 3 .2 The number F α of function evaluations related to the weights w 1 α 's of Table 3 .1 • for s = 1, 2, t = 0, . . . , s − 1
Remark 3.1 From Corollary 3.1, each of the twenty-six weights is associated with a certain number of function evaluations, as shown in ),
), • for s = 0, 1, t = −3, α r = 2, . . . , m r − 1 (r = 1, 2, 3), the weights involved in the equalities E ν 2 of (3.4) and E ν 3 of (3.5) are all equal to w ν 2,s,t and w ν 2,2,t , respectively;
• for s = −1, t = −2 α r = 2, . . . , m r − 1 (r = 1, 2, 3), the weights involved in the equalities E ν 2 of (3.4) are all equal to w ν 2,0,−3 ;
• for s = 0, 1, 2, t = −2 α r = 3, . . . , m r − 2 (r = 1, 2, 3), the weights involved in the equalities E ν 2 of (3.4) and E ν 3 of (3.5) are all equal to w ν 3,s,t and w ν 3,3,t , respectively;
• for s = t = −1 α r = 2, . . . , m r − 1 (r = 1, 2, 3), the weights involved in the equalities E ν 2 of (3.4) are all equal to w ν 2,s,t ;
• for s = 0, 1, 2, 3, t = −1 α r = 4, . . . , m r − 3 (r = 1, 2, 3), the weights involved in the equalities E ν 2 of (3.4) and E ν 3 of (3.5) are all equal to w ν 4,s,t and w ν 4,4,t , respectively;
• for t = 0, 1, 2, 3, 4, s = t, . . . , 4, α r = 5, . . . , m r − 4 (r = 1, 2, 3) , the weights involved in the equalities E ν 2 of (3.4) and E ν 3 of (3.5) are all equal to w ν 5,s,t and w ν 5,5,t , respectively;
• for α r = 5, . . . , m r − 4 (r = 1, 2, 3)
The values of the ninety different weights for I Q 2 ( f ) and I Q 3 ( f ) are reported in Table 3.3 and Table 3 .4, respectively;
ii) ν = 4, satisfy the following symmetry properties: • for s = 0, 1, t = −3, α r = 2, . . . , m r − 1 (r = 1, 2, 3), the weights involved in the equalities E 4 2 of (3.4) and E 4 3 of (3.5) are all equal to w 4 2,s,t and w 4 2,2,t , respectively;
• for s = −1, 0, 1, 2, t = −2 α r = 3, . . . , m r − 2 (r = 1, 2, 3), the weights involved in the equalities E 4 2 of (3.4) and E 4 3 of (3.5) are all equal to w 4 3,s,t and w 4 3,3,t , respectively;
• for s = −1, 0, 1, 2, 3, t = −1 α r = 4, . . . , m r − 3 (r = 1, 2, 3), the weights involved in the equalities E 4 2 of (3.4) and E 4 3 of (3.5) are all equal to w 4 4,s,t and w 4 4,4,t , respectively;
• for t = 0, 1, 2, 3, 4, s = t, . . . , 4, α r = 5, . . . , m r − 4 (r = 1, 2, 3), the weights involved in the equalities E 4 2 of (3.4) and E 4 3 of (3.5) are all equal to w 4 5,s,t and w 4 5,5,t , respectively;
• for α r = 5, . . . , m r − 4 (r = 1, 2, 3) Table  3 .5. where |Ω | denotes the measure of Ω and
The values of the ninety-eight different weights for I Q 4 ( f ) are reported in
Since the weights w 1 α are positive, then, in case ν = 1, (3.8) is an equality. Therefore, from (3.8) and the multivariate version of the Polya-Steklov theorem, the cubatures over Ω are stable [21, 31] .
Finally, from Theorem 2.1 we can immediately deduce some results on the convergence of sequences of cubatures I Q ν ( f ), ν = 1, 2, 3, 4 to I( f ).
Theorem 3.4 Let f ∈ C(Ω h ), then we have
In particular
whereC ν is a positive constant independent on m 1 , m 2 and m 3 . Moreover,
Remark 3.6 Thanks to the symmetry properties of the rules (3.1), if
when at least one of the r j 's, j = 1, 2, 3 is odd.
Numerical results
In this section we present some numerical results obtained by computational procedures developed in a Matlab environment. We compare our cubatures with other known ones having the same approximation order O(h 4 ) of the error, i.e. we consider We remark that the total number of function evaluations for each cubature rule is [12, 16, 31] .
We apply the above cubature rules to several smooth integrand functions. The first three ones come from the testing package of Genz [17, 18] , the fourth one from [13] .
The test functions are the following, for which we report the exact value of the integral: Moreover, our cubature rules are comparable and the formula I Q 4 ( f ) seems to be better than the other ones.
In Figs. 4 Furthermore, we recall that the cubature rules I P ( f ) are based on C 1 splines of degree six (tensor product of univariate C 1 quadratic spline QIs), the rules I R ( f ) are based on C 1 splines of degree four (blending sums of univariate and bivariate C 1 quadratic spline QIs) and here we have proposed new integration formulas based on trivariate spline quasi-interpolants on type-6 tetrahedral partitions of total degree four with C 2 smoothness. Such a higher smoothness is useful, for example, in the numerical treatment of integral equations, where the unknown function can be reconstructed with C 2 smoothness.
Finally, we propose another example in case of integration domain different from the standard cube. We want to evaluate the integral I( f ) = Ω ′ x 2 x 2 + z 2 dx dy dz, (4.1) where Ω ′ = {(x, y, z) ∈ R 3 : 1 < x 2 + y 2 + z 2 < 2, x 2 − y 2 + z 2 < 0, y > 0}. We know that I( f ) = π 6 (5 √ 2 − 6). By using the spherical coordinates and affine transformations, we get an integral on [0, 1] 3 . Then, we evaluate it by the three cubatures I Q ν ( f ), ν = 2, 3, 4, for increasing values of m (m = 16, 32, 64, 128) and we compute the corresponding absolute errors, obtaining the results shown in Fig. 4 .5, where we note again the better behaviour of I Q 4 ( f ). 
Final remarks
In this paper we have considered the space S 2 4 (Ω , T m ) generated by the scaled translates of the trivariate C 2 quartic box spline B defined by a set X of seven directions, that forms a regular partition of the space into tetrahedra. Then, we have constructed new cubature rules for 3D integrals, based on spline quasi-interpolants expressed as linear combinations of scaled translates of B and local linear functionals.
We have provided weights and nodes of the above rules and we have analysed their properties.
Finally, some numerical tests and comparisons with other known integration formulas have been presented.
We remark that the points used in the integration formulas here proposed lie also outside the integration domain. Since the function to be integrated may not be defined outside the domain of integration, an interesting development of this paper could be the study and construction of spline cubature rules, based on linear combinations of the scaled translates of the box spline B, making use of evaluation points inside or on the boundary of the domain.
Moreover, in case of integrands with singularities in the first partial derivatives, it could be interesting the construction of 3D cubature formulas based on trivariate B-splines defined on non-uniform partitions, in order to simulate such singularities.
